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Proof. See Whittaker and Watson (1963), Section 17.7, item
(vi), or Watson (1945), Section 7.23. [

Fora >0, >0andk =1,2,...,set

987
987 43229 ,
8 16

o0
Ti(t, a) :/ 6~ kD72 exp{—ab} db.
t

Remark 6.1. One easily has

o e—at
< t—k—l/zf e=9040 — k=172,
t

a
0< Tty | “2” 5
_ / 0—k—1/240 — k12,
; % —1
a=0.

The following results elaborate the analysis of Ty (¢, a).

Lemma 6.4. For a > 0, the recursion
To(t.a) = 2k — 1)~ [2\/27{ 512001y (v 2at)
- 2aTk_1(t,a)], k=2,3,...,
where Ti(t,a) = 2t7'22m¢p.1)(v2at) — 2+/2mwal/?{1
— 910,1y(V2at)}, holds true.

Proof. For m;(x) = fxoo z_kw{o,u(z)dz, the recursion

me(x) = (x g0, (6) = mia@)) /e = 1),
k=2,3,...,

is easy to verify. Since T (¢, a) = 2k+lﬁak_l/2m2k (v 2at),
the proof is completed by direct algebra. [

The following corollary of Lemma 6.4 yields for Ti (¢, a) a
closed-form expression instead of recursion.

Corollary 6.1. Fora >0andk =1,2,..,,
V27 10,1y (V2at)
2k — 1!
x {?k(zm) n (—1)"(@)”“%(@)} hH2,
(39)

where M(x) is the Mill’s ratio, P1(x) = 1 and Pr(x) =
2k = 3N — xPr_1(x), k = 2,3,..., orin a closed form (set
-nHit=1)

Ti(t,a) =2

k—1
Pr(x) = (=D Ixk1 Z(—l)’"(2m — Dix™,

m=0
In particular,
Pix) =1, Prx) =1—ux,
Pa(x) = 51 — 3N x 4+ x2 — x3,
Ps(x) = 71— 5Mx +311x% — x3 4+ x*.

Ps(x) = 3! — x + x2,

The following corollary of Lemma 6.4 yields expansions
for Ty(t,a) with a > 0 and is based on the application of
Lemma 6.1 to Eq. (39).

Corollary 6.2. For a > 0, k = 1,2,...
integer n > k, one has

2@@{0,1}(\/ 2at) (Za)k_l/z
2k — D!

and for arbitrary

Ti(t,a) =

n—1
x { (=D Q2m — DNQRar) ™12 + R,,(zm)},
k

m=

where |R,(2at)| < (2n — D!1(2at) ™"~ 1/2,

Lemma 6.5. For u, b positiveand k =0, 1,2, ..., one has

n
Sl b) =™y u—‘b"+1(n 4 )k
n=0"""
= exp{—u(l — b)}u~ M2 (bu),

where Ipa(bu) = 28 explbuce — 1} is

the (k + 2)nd power moment of a Poisson random
variable with parameter bu. One has Ii2(bu) =

bu YK+ ("jl) ibu) = Y53 SGk + 2, j)bu)l, where
S(m, n) are Stirling numbers of the second kind. In particular,
So(u, b) = bexp{—u(l — b)}(1 + bu),

S1(u, b) = bexp{—u(l — b)}(1 + 3 bu + (bu)?),

S>(u, b) = bexp{—u(l — b)}(1 + 7 bu + 6(bu)? + (bu)*),

S3(u, b) = bexp{—u(l —b)}(1 + 15 bu + 25(bu)?
+10(bu)* + (bu)®),

S4(u, b) = bexp{—u(l — b)}(1 + 31 bu + 90(bu)?
+65(bu)® + 15(bu)* + (bu)’).

Proof. The proof is straightforward. [J
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